It is well known that generating functions play an important role in theory of the classical orthogonal polynomials. In this paper, we deal with systems of polynomials defined by generating functions and the following problems for them. The purpose of this paper is to give two examples that the problem (C) can be affirmatively solved. One is related to the Humbert polynomials, and its general solution is written by k F k−1 -type hypergeometric functions. The other is related to a genelarization of the Hermite polynomials, and its general solution is written by k F -type (k ≤ ) hypergeometric functions.
Introduction
It is interesting to define new polynomials by new generating functions, and important to study their properties. Humbert (1921) defined the polynomials Π n,m (x), n = 0, 1, 2, … , by the generating function Gould (1965) called Π n,m (x) the Humbert polynomial of degree n and gave its generalization. Milovanović and Djordjević (1987) 
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The classical special functions have various interesting properties and applications. Some generalizations for them are also considered. For example, the sequence of the Humbert polynomials is a generalization of the sequence of the Legendre polynomials. In this article, the authors focus on the Humbert polynomials and the generalized Hermite polynomials, and show that they have deep relations with the generalized hypergeometric functions.
Lahiri (1971) defined the generalized Hermite polynomials H n,m, (x), n = 0, 1, 2, … , by the generating function Gould and Hopper (1962) gave the other generalization of the Hermite polynomials by the generating function
The case of a = 0 is equivalent to that defined by Bell (1934) .
In Suzuki (2013) , we considered defining the polynomials Q n (x;k, ), n = 0, 1, 2, … , by the following generating function which is similar to that of the Humbert polynomials where k is an integer such that k ≥ 2 and is a positive real number. Note that and the polynomial Q n (x;k, ) is not entirely new. However, we gave a differential equation for the function Q n (x;k, ), which is not by difference operators and is an explicit expression. For this reason, we could obtain the general solution at x = 0 of the differential equation that Q n (x;k, ) satisfies. And it is written as a linear combination of functions that are expressed by making use of k F k−1 -type hypergeometric functions.
In Dobashi (2014) , we considered defining a generalization of the Hermite polynomials by the generating function where k, j are positive integers. And we obtained results similar to the case of Q n (x;k, ). In this case, the corresponding general solution is written as a linear combination of functions that are expressed by making use of k F k+j−1 -type hypergeometric functions.
The purpose of this paper is to give the differential equations for Q n (x;k, ) and R n (x;k, j), and to derive the general solutions at x = 0 for them. The discussion for Q n (x;k, ) is given in Section 3, and that for R n (x;k, j) is given in Section 4.
Notation
For a real number x, [x] denotes the largest integer less than or equal to x. Denote Γ( + )∕Γ( ) by ( ) , where Γ is the Gamma function. For real constants a, b, denote axf
Denote by N 0 the set of nonnegative integers. For positive integers k, n, k|n means that k is a divisor of n. The generalized hypergeometric functions k F is defined by
3. Polynomials Q n (x;k, ) Let k be an integer such that k ≥ 2, and be a positive real number. Unless otherwise noted, we fix k, . There exists a positive real number (k) such that for −1 ≤ x ≤ 1 and − (k) < t < (k).
As described in Section 1, we define the functions Q n (x;k, ), n = 0, 1, 2, … , by Lemma 1 The function Q n (x;k, ) has the following expression.
In particular, Q n (x;k, ) is a polynomial of degree n.
Proof Since we have (1), by the binomial theorem we see that which implies our assertion.
Recurrence relations for Q n (x;k, )
In this subsection, we shall give recurrence relations for the functions Q n (x;k, ).
Then it is easy to see that the following partial differential equations hold.
We can derive recurrence relations for Q n (x;k, ) from these differential equations. Rewrite both sides of (3) by making use of (2). Then we have
Compare the coefficients of t n in both sides of (5). Then we have
Similarly, by (4), we have the following recurrence relation.
Further, we shall give some recurrence relations for the functions Q n (x;k, ) that can be derived from the Equations (6) and (7). Differentiate both sides of (6) and substitute (7) into it. Then we obtain
Remark 1 This recurrence relation holds also for 0 ≤ n < k − 1. In fact, if 0 ≤ n < k − 1, from Lemma 1 we have which assert that the recurrence relation above holds also for 0 ≤ n < k − 1. That is, we have Solve the Equation (7) for Q � n+1 (x;k, ) and substitute it into (8). Then we have
Differential equation that Q n (x;k, ) satisfies
In this subsection, by making use of the results given in the preceding subsection we shall give a differential equation that Q n (x;k, ) satisfies. The main theorem is Theorem 1 For an arbitrary n ≥ 0, the function Q n (x;k, ) satisfies the following differential equation. Replacing m by m − 1 and n by n − 1, then we have
Repeating this formula, then we obtain Set m = k. Then, we have Making use of (9), it is easy to see that our assertion holds for n ≥ k − 1. That is, for n ≥ k − 1 the following holds.
In the case of 0 ≤ n < k − 1, considering Remark 1, we see that which implies that (10) holds also for 0 ≤ n < k − 1. Therefore, if ≠ 1, we can conclude that (10) holds for any n ≥ 0.
In the case of = 1, note that both sides of (10) are continuous with respect to . Taking the limit → 1 in (10), we can see that (10) holds also for = 1 and n ≥ 0.
Example 1 If k = 2, the polynomial Q n (x;k, ) is equal to the Gegenbauer polynomial of degree n and the differential equation in Theorem 1 is as follows.
which is well known as Gegenbauer's differential equation.
General solution of differential equation that Q n (x;k, ) satisfies
In this subsection, we shall give the general solution at x = 0 of the differential equation that Q n (x;k, ) satisfies. By Theorem 1, the differential equation that we consider is as follows.
To solve this equation, we use the power series method. Since x = 0 is a regular point of the Equation (11), we set
It is clear that
Substitute (12), (13) We obtain the following.
Theorem 2 The functions x p F k, ,p (x) (p = 0, 1, … , k − 1) are the linearly independent solutions at x = 0
of (11). In particular, its general solution at x = 0 is given by
, … ,
where a 0 , … , a k−1 are arbitrary constants.
Remark 2 We choose
is a polynomial of degree n, and differs only by a constant from Q n (x;k, ).
Polynomials R n (x;k, j)
Let k, j be positive integers. Unless otherwise noted, we fix k, j. As described in Section 1, we define the functions R n (x;k, j), n = 0, 1, 2, … , by For n ∈ N 0 , set Then we obtain Lemma 2 The function R n (x;k, j) has the following expression.
Proof Making use of the Taylor expansion for the exponential function exp x, it is easy to see that For n ∈ N 0 there exist p, q ∈ N 0 such that if and only if which are equivalent to Therefore, we obtain the desired result.
Recurrence relations for R n (x;k, j)
In this subsection, we shall give recurrence relations for the functions R n (x;k, j).
Set
We can derive recurrence relations for R n (x;k, j) from these differential equations. Rewrite both sides of (22) by making use of (20). Then we have
Compare the coefficients of t n in both sides of (24). Then we have Similarly, by (23), we have the following recurrence relation.
Replacing n by n − j + 1, then we have
Substitute (26), (27) 
into (25). We have
Replacing n by n − 1, then we obtain
Remark 3 This recurrence relation holds also for k + j > n ≥ j. Suppose that k + j > n ≥ j. Then it is easy to see that It follows from these relations and Lemma 2 that On the other hand, by (26) we see that
It follows from (29), (30) that
In what follows, we assume that 0 ≤ n < jk. In this case, we have Take q ∈ I(k, j, n). It follows from (21), (32) It follows from this relation and (35) that (34). Therefore, by (33), (34) we can conclude that our assertion holds also for 0 ≤ n < jk.
Example 2 If k = j = 1, the polynomial R n (x;k, j) is essentially equal to the Hermite polynomial of degree n and the differential equation in Theorem 3 is as follows.
which is well known as Hermite's differential equation. 
General solution of differential equation that R n (x;k, j) satisfies
In this subsection, we shall give the general solution at x = 0 of the differential equation that R n (x;k, j) satisfies. By Theorem 3, the differential equation that we consider is as follows.
To solve this equation, we use the power series method. Since x = 0 is a regular point of the Equation 
